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ABSTRACT
The first sharp diffraction peak (FSDP), which characterizes the static structure factor of
many glassy systems near the wave vector region of 1-2 Å−1 has been observed depending
on the temperature, pressure and the degree of annealing of the system. The presence of the
FSDP is indicative of the intermediate range order (IRO). In current work, we study the role
of the extended- range oscillations on the parameters of the FSDP, i.e. intensity, position,
area, and the full width at half maximum (FWHM) by using high-quality simulated models
of amorphous silicon. The radial distance up to half of the respective box-size is chosen
to compute the static structure factor, incorporating the extended range oscillations on the
real-space structure or atomic pair correlation function (PCF). Comparison of observed
results with the experimental data shows that the FSDP is sensitive to the extended-range
oscillations on real space structure.
The RMS deviation and the percentage error calculated in the computed value of the
parameters of the FSDP indicates the systems with 2000-4096 atoms, with extended range
oscillations of about 17-22 Å, are the best-estimate size to reproduce the FSDP of the
experimentally measured S(Q) of nearly pure a-Si. Also, a model-based analysis of the
FSDP, based on 10000 atoms system of a-Si, taking variable ranges of the radial cut-off at
extended-length scale, indicates the minimum extension required to reproduce experimental
FSDP is about 16 Å.
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Chapter 1
INTRODUCTION

1.1

Amorphous Silicon

Silicon, Si, is one of the most abundant, non metallic, elements on earth. Since the early
historical time, it is a commonly used material in ceramics and bricks [1]. Also, the advanced
technologies of this modern era, to a large extent, are based on silicon diodes and transistors
[2, 3]. Based on atomic arrangements, silicon is categorized as crystalline silicon (c-Si)
and amorphous silicon (a-Si). Crystalline silicon contains orderly arrangements of atoms
with long-range orders and specific geometric shape. As a semiconductor it is a commonly
used material in thin-film technologies, such as silicon solar cells [4] and silicon microchips
[5]. On the other hand, amorphous silicon contains short-range orders but has long-range
randomness in its atomic structure.
Amorphous silicon, a non-crystalline semiconductor, is a tetrahedral material with an
average of four nearest neighbor atoms. Not like the literal meaning of the term ‘amorphous’
which means ‘without form’, in fact, a-Si contains some impressive structures in short-range
(∼ 5 Å) and medium-range (∼ 20 Å) length scales [6]. Many experimental [7, 8] and
theoretical [9, 10] attempts have proven the short-range orders and long-range randomness
in the atomic structure of a-Si, including its optical, electrical and vibrational properties.
But, due to lack of proper reasons for the medium-range structure (dis)order, the structure
of a-Si is still an incomplete topic.
As an amorphous semiconductor, a-Si has some proven unique technological advantage,
mostly used in solar cells [11], photo-detectors [12], LEDs [13], and memory devices
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[14]. However, a-Si is electrically less efficient material than c-Si due to its mechanism of
degradation, called Staebler-Wronski effect [15], its ability to deposit as a thin film over
different substrates, such as glasses, metals, and plastics makes it economically cheaper for
large-scale production. Also, a-Si can be produced in different shapes and sizes and can be
connected in series to form sufficiently large panels required in large thin-film solar cells,
which makes it practically preferable over c-Si.
The presence of some incomplete bonds, called dangling bonds, causes high defect
density and low diffusion lengths in amorphous silicon. Such high defect density of a-Si
causes poor photoconductivity and prevents any substitutional doping of impurities such
as phosphorus and boron [16], which can be significantly improve by passivating dangling
bonds with hydrogen, called hydrogenated amorphous silicon (a-Si:H) [17, 18]. As an
essential electronic material a-Si:H is commonly used material in thin-film transistors [19],
photovoltaics solar cells [20], displays [21], photocopies [22], and optical scanners [23].
For being one of the highly used material in photonics and electronics, understanding of
complete structure of a-Si and its alloys is a vibrant topic to discuss.
An essential prerequisite for significant study of the structure of an amorphous material
is a well prepared, reliable sample. Thermodynamically, a-Si is a metastable material [24].
Experimentally, a-Si sample can prepare via ion implantation [25], vapor deposition [26],
and indentation [27]. Theoretically, continuous random network (CRN) models of a-Si can
be generate using statistical simulation like molecular dynamics (MD)-based on melting and
quenching of liquid silicon- [28, 29] or Monte Carlo (MC) [30, 31] method. Recently, Hejna
et al. (2013) [32] have purposed Nearly Hyperuniform Network models as an alternative of
the CRN models of amorphous silicon.
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Figure 1.1: Computer generated model of amorphous silicon with 512 silicon atoms.
1.2

Order and disorder: Structure in a-Si
1.2.1

Radial distribution function

The real-space atomic distribution on amorphous materials can provide essential information
required to study their physical, electronic, and other relevant properties. The radial distribution function (RDF), which is the probability distribution for the interatomic separations,
is one of such real-space structural feature which can provide most of the underlying local
order structure of the amorphous materials [33]. Experimentally, the precise diffraction
experiments such as X-ray, single crystal, and powder diffraction, including extended x-ray
absorption fine structure analysis (EXAFS) can give an accurate measurement of the radial
distribution function of amorphous materials, including crystalline and quasi-crystalline
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materials. Theoretically, the two-body correlation function called pair correlation function
(PCF) is the real-space atomic distribution function frequently used in the discussion of the
properties of the amorphous materials.
In amorphous materials, the radial distribution function can be obtained by measuring
radial intensity, I(Q), at different scattering wavevector Q. The reduced scattering function,
in terms of I(Q), is given as,

 I(Q)
−1
F(Q) = Q
2
f (Q)

(1.1)

where f (Q) is the atomic form factor.
The reduced radial distribution function (RRDF), obtained from the Fourier sine transform of F(Q), is given as,

 2Z
G(r) = 4π r ρ(r) − ρ0 =
F(Q) sin(Qr) dQ
π

(1.2)

where ρ0 is the average number density of the system and is ρ0 = VN , for N and V the total
number of particles and volume of the system, respectively. And, the radial distribution
function, J(r), is given as,

J(r) = rG(r) + 4π r2 ρ0

(1.3)

2

= 4π r ρ(r)
Also, the pair-correlation function in terms of radial density ρ(r) is given as,

g(r) =

ρ(r)
ρ0

(1.4)
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Figure 1.2: Comparison of the radial distribution function on mono-crystal silicon (red) and
amorphous silicon (blue) system with 512 atoms up to the radial separation of 10 Å.
The peaks on the radial distribution function of material can provide extensive information about the structural periodicity or randomness. The position of the peaks at different
values of r represents the interatomic distances, the area under each peak represents the
corresponding coordination number, and their intensity represents the structural ordering.
It is possible to analyze the structure of an amorphous material by comparing its RDF
with the RDF of its crystalline counterpart. In Figure (1.2), we presented the comparison of
the RDF of amorphous silicon with monocrystalline silicon. At the short-range length scales,
RDF of both c-Si and a-Si consist of some identical peaks. The position and intensity of the
first peak in RDF of the a-Si and c-Si, obtained at around 2.5 Å, reflect the nearest-neighbor
distance and four-fold coordination of the silicon atoms, which are equal in both a-Si and
c-Si. The second peak in a-Si, located at around 4 Å- at the same position as c-Si, is due
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to the second nearest-neighbor arrangement of the atoms, which indicates the tetrahedral
bondings of the system. The broader width of the second peak in a-Si is due to its high bond
angle distortion than that of the c-Si.
Beyond the short-range length scale, peaks on the RDF of the c-Si and a-Si observed less
identical, and the structure of the a-Si is more faded. The discernible peaks in a-Si beyond
the second-nearest neighbors indicate lack of the long-range order in its atomic structure,
where those peaks are well observable in c-Si showing its long-range structural ordering.
The sharp peaks combined with some diffused scattering on RDF can address the complete
structure of the non-crystalline materials such as amorphous silicon.
However, a radial distribution function can interpret the short-range order and longrange randomness in amorphous materials it fails to provide details of the medium-range
order (MRO) on their atomic structure. The short-range order (SRO) in the local atomic
arrangement, about a reference atom, can specify the number of the nearest-neighbors, their
types, separation, and angular distribution. Together with the SRO and network connectivity
or topology (i.e., the distribution of ring sizes), the structural inhomogeneity, such as voids
or micro-cracks, is an important factor to be addressed for significant fundamental analysis
of the structural, electrical, and the relevant other properties of the amorphous materials.
Theoretically, the microcrystalline technique or continuous random network (CRN)
technique can be used to describe the geometric structure of tetrahedral amorphous semiconductors such as a-Si. In the microcrystalline method, a-Si is considered as a crystalline
order connected by disordered boundaries. And, in the CRN technique, the interconnection
of the fourfold-coordinated silicon atoms are regarded without considering any crystalline
order.

1.2.2

Hyperuniformity

The more than five decades long attempts of precise experimental measurements and tireless
theoretical computations have made significant improvements in the study of the structure
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of amorphous materials via radial distribution function or static structure factor. The static
structure factor, S(Q), is one of the most examined quantity for structural analysis of liquid,
glasses, and other disordered materials. The nature of the structure factor measured at
the low-wavevector (Q → 0) limit can examine the degree of hyperuniformity, which can
interpret mechanical, electrical, and other relevant properties of the non-crystalline materials.
Mathematically, the structure factor S(Q), is given by,

S(Q) =

1
h e−iQ(R j −Rk ) i
N ∑
jk

(1.5)

where, N is the number of atoms, R j and Rk are the positions of the atoms, and Q is the
scattering vector given as,
~Q = |k~ f − ~k i |

(1.6)

with ~k i the initial and k~ f the final wavevector. Also,

Q=

4π sin θ
λ

(1.7)

where θ is the scattering angle and λ is the wavelength.
The structure factor determined for the low-wavevector limit gives the correlated fluctuations in number density of the system over a large-length scale. In perfectly hyperuniform
systems, such as crystalline solids and quasi-crystalline solids [34], number density fluctuations at large-wavelength region vanishes i.e., S(Q → 0) = 0.
In disordered or partially ordered materials, such as ordinary liquids and amorphous
silicon, the positive non-zero value of S(Q → 0) gives their degree of hyperuniformity. In a
computer generated finite size model of a material, hyperuniformity can be computed by
using its RRDF, G(r), as given in Eq. (1.8).

S(Q) = 1 +

Z ∞
1
0

Q

G(r) sin(Qr) dr

(1.8)
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For ergodic systems at thermal equilibrium, structure factor is given as [35],

lim S(Q) = ρ0 kB T χT

Q→0

(1.9)

where χT is the isothermal compressibility and kB is the Boltzmann’s constant. This equation
is true for the systems of multiple components too. At absolute zero temperature i.e., T = 0,
S(0) = 0, due to the freezing out of the thermal vibrations about the fixed topology.
The increasing degree of hyperuniformity can improve electronic band gap in semiconductors, and compactness, energy efficiency, and temperature stability in photonics
devices [36]. By satisfying topological properties, such as ring statistics, with geometrical
requirements, such as bond angles and bond length distribution, it is possible to construct
theoretical models of amorphous materials with an improved degree of hyperuniformity.

1.3

Motivation

Amorphous silicon, since first isolated in 1824 A.D., has been multiple tested for its utility as
electronic material and photonics. Being more flexible for thin-film deposition and cheaper
at large-scale production it is one of the widely used materials in solar cells. At the current
date, its uses are ranging from the pocket calculators to the advanced radiography. It is
possible to have a large-scale production of a-Si with a fraction of silicon that required in
the production of c-Si, which makes a-Si a cost-efficient material for mass production. Also,
it is an interesting material with a disordered hyperuniform structure.
In theoretical computation, the lower bound value of the structure factor computed by
Graff and Thorpe (2010) [37] for a continuous random network (CRN) model of a-Si with
100,000 silicon atoms, generated by using WWW technique and relaxed by using a Keating
potential, is S(0) = 0.035± 0.001. In the other hand, the experimental result obtained for an
annealed model of a-Si prepared by self-ion implantation at various energies at temperature
77 K into single-crystal Si (001) by R Xie et al. (2013), shows that the S(0) of a-Si is about
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0.0075 ± 0.0005 [38]. The difference in the degree of hyperuniformity in an experimental
result of the annealed sample of nearly pure a-Si and that of the computer model of 100,000
silicon atoms indicates some improvements required to address the complete structure of
a-Si via computer-generated models. In Chapter-2, we discuss the details about the degree of
hyperuniformity computed for two separate ultra-large annealed models of a-Si with 400,000
silicon atoms generated via molecular-dynamic approach with modified Stillinger-Weber
potential and a mass density of 2.25gcm−3 .
Simulation of an extensive system of amorphous materials is a time and energy consuming process, so the minimum size of a system that can reproduce experimental findings
is hence worthy of finding out. In Chapter-3, we discuss a case study on the relation of
the extended range oscillations and the first sharp diffraction peak (FSDP) obtained on the
structure factor of various a-Si models, to find the minimum extension or size of a computer
generated model required to reproduce the FSDP of an as-implanted a-Si sample obtained
in a recent transmission X-ray scattering measurement.
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Chapter 2
HYPERUNIFORMITY IN ULTRA-LARGE MODELS OF
AMORPHOUS SILICON

2.1

Introduction

Amorphous silicon, a non-crystalline semiconductor, contains chemical short-range and
medium-range order in its structure up to the length scale of 0-20 Å. By examining the
two-body correlation called pair correlation function and three-body correlation called bond
angle distribution function we can analyze the atomic distribution or atomic structure of
amorphous material. Also, the static structure factor S(Q), at small Q limit can provide the
information of the correlated number density fluctuations in amorphous material over large
length scales.
Experimentally, the static structure factor S(Q), can be measured by X-ray or neutrondiffraction method. Theoretically, the estimate of S(Q → 0) can provide the thermal information of the system, where S(Q) = ρ0 kB T χT . For realistic large models of amorphous
silicon, a-Si, structure factor S(Q → 0) computed in terms of number variance in the thermodynamic limit at infinite volume is a small non-zero value. For crystals and other periodic
materials with no variation in number density S(0) = 0. In amorphous materials such as
a-Si, the structure factor at large-wavelength limit S(Q → 0) also indicates the degree of
hyperuniformity.
In the previous computation, the best estimate of S(0) obtained after extrapolation of
the local number variance for an a-Si model of 100000 atoms developed by Mousseau,
Barkema, and Vink is 0.035 [37]. This value of S(0) is comparatively higher than the
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experimental result obtained by R. Xie et al.[38] as 0.0075. The relatively higher S(0) in
computer models of a-Si, as compared to the experimental data, indicates the requirement
of ultra-large models for best estimation of S(Q) at the large-wavelength limit.
In this chapter, we discussed the behavior of the static structure factor at the largewavelength limit to estimate the degree of hyperuniformity in ultra-large a-Si models. For
this, two separate models of a-Si each consisting coordinates of 400000 silicon atoms were
generated via molecular dynamics simulation using modified Stillinger-Weber potential
as the interatomic interaction between the silicon atoms, which later compared with the
data from small-angle X-ray scattering experiment and earlier simulations. The ultra-large
models of amorphous silicon allow as to estimate the structure factor at the large-wavelength
limit with more reliable and improved computation.

2.2

Model preparation

The classical molecular-dynamics simulations were performed to generate systems of
400000 atoms [29]. Initially, the configurations with 400000 atoms were generated as
randomly placed silicon atoms in a cubic simulation box, with a constraint in minimum
separation between each pair of atoms to 2.1 Å. The box length was chosen ≈ 202 Å so
that the mass density of the system remains 2.25 g/cm3 , which is closer to the experimental
density of a-Si. Using those random configurations as input, MD simulations were carried
out in the canonical (NVT) and microcanonical (NVE) ensembles.
The Stillinger-Weber (SW) potential [39], given in Eq. (2.1), was the potential used to
describe the interatomic interaction between Si atoms.
1 N
V (R ) = ∑
2 i=1
N

N

N

N

N

∑ v2(ri j ) + ∑ ∑ ∑ v3(ri j , ri j )

j=1
( j6=i)

i=1 j=1 k=1
( j6=i) (k6=i)
(k> j)

(2.1)
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where RN indicates the atomic configuration and v2 (ri j ) and v3 (ri j , ri j ) are the two-body
and there-body contribution to the potential energy and given as,
  −p



ri j
σ
v2 (ri j ) = εA B
Θ(aσ − ri j )
− 1 exp
σ
ri j − aσ

(2.2)

and,


σγ
σγ
v3 (ri j , ri j ) = ελ exp
+
ri j − aσ rik − aσ



1
cos (r̂i j . r̂ik )+
3

2
× Θ(aσ −ri j ) Θ(aσ −rik )
(2.3)

where Θ is the Heaviside step function.
The velocity-Verlet algorithm was used to integrate the equations of motions, using
time steps of ∆t=1fs. A chain of Nosé-Hoover thermostat [40, 41] is used to control the
simulation temperature and time evolution of the system.
Each system was initially equilibrated at 1800 K for 50 ps then cooled to 300 K, within
600 ps, taking temperature step (∆T ) of 100 K with an average cooling rate of 2.5 K/ps.
At the end of the NVT-dynamics, the system was subjected to evolve in a micro canonical
(NVE) ensemble for additional 50 ps, totaling the simulation time to 700 ps for a complete
NVT-NVE cycle from an initial temperature of 1800 K to the final temperature of 300 K.
Here, any possible artifacts originated from the thermostats were eliminated by the NVE
run.
The temperature of the system obtained after NVE run was again initiated to 1800 K
and next cycle of NVT-NVE was started. Such cycles were repeated up to 60 times until no
significant changes were recorded in the total energy and density of coordination defects.
The limited-memory Broyden-Fletcher-Goldfard-Shano (BFGS) algorithm [42] was used
for energy minimization of the system. The low-energy configurations were relaxed by
minimizing the total energy using the modified SW potential with respect to the atomic
position.
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2.3

Structure Factor

In disordered or partially ordered system radial distribution function individually cannot
describe the complete structure of the system over the large length scales. For a complete
analysis of the structure, it is essential to calculate the static structure factor at the thermodynamic limits. The structure factor, S(Q), determined for the small wave-vector limit,
crucially depends on the real space atomic distribution of the amorphous systems, at largelength scales. Experimentally, S(Q) at low Q region can be measured by using diffraction
experiments [38], such as X-ray and neutron diffraction. In computer generated, finite size,
models S(Q → 0) can be computed by accounting real space density fluctuations up to
the length scale about half of their box size. In this section, we present a brief discussion
about the two techniques frequently used for the calculation of the static structure factor of
amorphous materials.

2.3.1

Fourier transform method

The computation of static structure factor for disorder or partially ordered systems is not a
trivial task. For finite models of homogeneous disordered systems such as a-Si, structure
factor can be obtained from the Fourier transform of the atomic pair correlation function,
g(r), [43]. The pair correlation function, which is a statistical distribution of atoms within
the system, provides the real-space information of the amorphous silicon system.
The reduced pair correlation function, G(r), of an amorphous silicon system is given as,

G(r) = 4πrρ0 [g(r) − 1]

(2.4)

Here, g(r) is the ratio of the atomic pair density function, ρ(r), and the average number
density, ρ0 , of the system and ’r’ is the radial separation between center of the atoms.
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In isotropic disordered system, in terms of the Fourier transform of g(r), taking angular
averages over all possible scattering directions, the static structure factor is,

S(Q) = 1 + 4πρ0

Z ∞
1
0

Q

[g(r) − 1] sin(Qr) r dr

(2.5)

G(r) sin(Qr) dr

(2.6)

Using G(r) in Equation (2.5) gives,

S(Q) = 1 +

Z ∞
1
0

Q

Expanding the equation (2.6) for Q and excluding higher order terms, we have,

S(Q → 0) ≈ 1 +

Z ∞

rG(r)dr

(2.7)

0

The structure factor S(Q → 0), as given in equation (2.7), depends on the integral rG(r),
this shows the sensitivity of S(Q → 0) over G(r) at large-range length scales. To avoid very
large length scale dilemma, using upper limit of length as Rc , above which G( r ≥ Rc ) ≈ 0,
Eq. (2.7) becomes,
S(Q → 0) ≈ 1 +

Z Rc

rG(r)dr

(2.8)

0

The magnification of the numeric noises, exist in G(r) at large-length scale, cause poor
convergence of S(Q → 0) at small Q values. Also, the finite size of the sample is an
important issue to be addressed in this computation. To employ the limit Q(= π/L) → 0,
radial correlations between pairs of atoms at sufficiently large distances should be considered,
which can be satisfied only by having ultra-large models of the disordered systems.

2.3.2

Sampling volume method

The structure factor of an amorphous systems can be interpreted in terms of the corresponding density fluctuations. Considering a system as an arbitrary point pattern, in
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three-dimensional space, we can correlate its structure with number variances or density
fluctuations up to large-length scale. In hyperuniform materials, number variance does not
depend on volume. In amorphous silicon, a partially ordered systems, the relative variance
of number of atoms for various sampling radii, R, gives more precise information of the
structure of the system. In a poisson points system, the number variation is given as,
hN(R)2 i − hN(R)i2 ∝ R3

(2.9)

which is true for irregular point patterns too.
In statistically homogeneous and isotropic system number variance cannot grow more
slowly than the surface area of the domain. For a hyperuniform system infinite-wavelength
fluctuations vanish, and the number variance in three dimensional systems becomes,

hN(R)2 i − hN(R)i2 ∼ R2

(2.10)

hN(R)2 i − hN(R)i2 > 0.

(2.11)

for non-zero volume V(R) > 0,

Considering 3-Dimensional window (Ω) of radius R in a single-point pattern, consisting
large number of points (N) at large volume (V) and finite number density ρ0 = VN , the number
of points contains within the volume V centered at x0 in terms of the window indicator
w(ri − x0 ; R) is given as,
n

N(x0 ; R) = N(R) =

∑ w(ri − x0; R)

ri =1

(2.12)
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with,



0, x ∈ Ω
w(x − x0 ; R) =

1, x ∈
/Ω

(2.13)

Taking average number of points from uniform samples,

1
hN(R)i ≡
V

Z

n

∑ w(|ri − x0|; R)dx0

Vi =1

(2.14)

= ρ0 v1 (R)
Similarly,

1
hN(R) i ≡
V
2

Z

n

1
∑ w(|ri − x0|; R)dx0 + V
Vi =1

= ρ0 v1 (R) +

Z

n

∑ w(|ri − x0|; R)w(|r j − x0|; R)dx0,

Vi 6= j

ρ0 v1 (R) n
∑ α(ri j ; R),
n
i6= j

= ρ0 v1 (R) [1 +

(2.15)

1 n
α(ri j ; R)]
n i6∑
=j

From equation (2.14) and equation (2.15), the relation for relative variance, can be
written as;
n
2

2

hN(R) i − hN(R)i = ρ0 v1 (R) [1 + ∑ α(ri j ; R)] − (ρ0 v1 (R))2 ,
i6= j

n

= ρ0 v1 (R) [1 +

1
α(ri j ; R)] − (ρ0 v1 (R))2 ,
n i6∑
=j

= ρ0 v1 (R) [1 +

1 n
α(ri j ; R) − ρ0 v1 (R)]
n i6∑
=j

(2.16)

Here n is the number of atoms in the model and the term α(ri j ; R) is proportional to the
probability of getting two atoms separated by distance r both contained within a randomly
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placed sphere of radius R. For spheric sample volume, therefore,
hN(R)2 i − hN(R)i2
1 n
4
= 1 + ∑ α(ri j ; R) − ρ0 πR3
hN(R)i
n i6= j
3

(2.17)

For a fixed value of r, it is a monotonically decreasing function in the open interval (0,
2R).
α(r; R) =



(1 −

r 2
r
2R ) (1 + 4R ),

i f r ≤ 2R

(2.18)


0, i f r > 2R
The Eq. (2.17) defined in terms of real-space pair density, ρ(r), is
4
hN(R)2 i − hN(R)i2
= 1 − ρ0 πR3 +
hN(R)i
3
= 1−

Z ∞
0

Z ∞

= 1+
0

4πr2 ρ0 α(r; R)dr +

Z ∞

4πr2 ρ(r)α(r; R)dr,

0

Z ∞

4πr2 ρ(r)α(r; R)dr,

0

(2.19)

4πr2 [ρ(r) − ρ0 ]α(r; R)dr,

Z ∞

= 1+

rG(r)α(r; R)dr
0

Specifically, for thermodynamical limit or huge volume with R → ∞ and Q → 0, for all
r values the α(r; R) terms, which is used to state the finite nature of the systems, tends to
unity. In that case, equation (2.19) and equation (2.7) are equivalents. Hence, the relative
variance in the number of atoms N within the volume V related with S(Q), conveniently
written as,

S(Q → 0) =

hN(R)2 i − hN(R)i2
hN(R)i

(2.20)

From equation (2.19) and (2.20),

S(Q → 0) = 1 +

Z ∞

rG(r)α(r; R)dr
0

(2.21)
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Due to presence of α(r; R), Eq. (2.21) can provides a better estimate of S(Q → 0) than Eq.
(2.8), by reducing the artifacts that are associated with the fluctuations in rG(r) at large radial
distances. The term α(r; R) in Eq. (2.21) is bounded above for a given value of R, which
regularizes the value of the integral to a considerable extent.
The structure factor of disorder or partially ordered systems is of great interest due to its
relation with thermodynamic functions and kinetic coefficients [44]. The static structure
factor measured at the low-wavevector limit or infinite wavelength limit, S(Q → 0), indicates
the degree of hyper-uniformity on that system. Generally, S(Q → 0) = 0 for ordered systems
like crystals and quasicrystals known as hyper-uniform systems [34, 45] and is non zero
positive value for liquids and other disordered hyperuniform systems [46].

8

PCF

g(r)

6

4

2

0
0

5

10

15
r (Å)

20

25

30

Figure 2.1: Pair correlation function (PCF) of the a-Si models with 400,000 atoms obtained
up to 30 Å, averaged over two models.
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2.4

Results and Discussion

The main concern of this section is the static structure factor of amorphous silicon at the
low-wavevector limit, i.e., S(Q → 0). For this, we used two different simulated models,
indicated as M1 and M2, generated via molecular-dynamics simulation method. Each model
contains three-dimensional coordinates for 400,000 silicon atoms. The static structure factor
S(Q) for each a-Si models is computed at low wave-vector limit by considering real space
density oscillations up to 30 Å. The numeric values obtained for each case is as described
here.
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Figure 2.2: The reduced pair-correlation function (G(r)) of a-Si, averaged over two models,
showing the persistence of oscillations up to at least 30 Å. The presence of noise in G(r),
beyond 30 Å, is evident from the plot in the inset.
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2.4.1

Pair Correlation Function

The quantitative expression of the real-space two-body atomic distribution i.e., the paircorrelation function, of the ultra-large a-Si models, averaged for two models, is given in
figure (2.1). Figure (2.2) represents the corresponding reduced pair-correlation function.
In the reduced pair-correlation function strong radial correlations are observed up to 15 Å,
weak and lingering decay is observed up to 30 Å, and no identical correlations are observed
beyond 30 Å where the presence of numerical noise is experienced.

2.4.2

Structural properties of the a-Si models

The structural analysis of the a-Si models, shows that the simulated models have 97.6%
four-fold, 1.2% three-fold, and 1.2% five-fold coordinated atoms, with the nearest-neighbor
distance of 2.7 Å. The average bond angle (θ ) and its RMS deviation (σ ) in models M1 and
M2 are obtained 109.2o ± 9.73o and 109.1o ± 9.81o respectively. All these properties are
listed in the table (2.1).

M1
M2

N
400,000
400,000

L(Å)
ρ (g.cm−3 )
202.397
2.25
202.397
2.25

C4 (%) h r i (Å) θ (deg.) σ (deg.)
97.6
2.386
109.2
9.73
97.6
2.386
109.1
9.81

Table 2.1: Structural properties of 400,000- atom a-Si models: with the number of atoms
(N), cubic box size (L), mass density (ρ), % of four-fold coordinated atoms (C4 ), average
bond angle (θ ), and RMS deviation in bond angle (σ ).

The comparison of the computed structure factor of the a-Si models with experimental
X-ray diffraction data, obtained by Laaziri et al. (1999) [47], shows the height and position
of the FSDP are well produced at the vicinity of 1.9 Å, as shown in figure (2.3).
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Figure 2.3: The average structure factor of amorphous silicon obtained from the Fourier
transform of the reduced pair correlation function. The experimental X-ray diffraction data
(red stars) from Laaziri et al. (1999) are shown for a comparison.
2.4.3

Fourier transform method

The limited values of S(Q → 0), which is represented as S(0+ , Rc ) afterward, of the ultralarge a-Si models is calculated by using Eq. (2.8). The structure factor, so calculated, has
direct impact of the fluctuations in rG(r). The variation of the limited value of S(0+ , Rc ) is
shown in figure (2.4). The intense fluctuations in rG(r), observed up to Rc ≤ 28 Å, produce
considerable oscillations in the computed value of S(0+ , Rc ) . Due to conjoined numerical
noise with rG(r), beyond Rc > 30Å, an accurate determination of S(0+ , Rc ) from Eq. (2.8)
is not feasible.
The value of S(0+ , Rc ) can more effectively determined by fitting the negative and
positive amplitudes of the S(0+ , Rc ), obtained in the region of 10 Å to 30 Å, to obtain an
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average functions near 28-30 Å. The best fit for the positive and negative amplitudes is an
exponential function, a exp(−λ x). In figure (2.4), the decay parameter λ is obtained as
0.114±0.014 and 0.163±0.032 for the positive and negative fits, respectively. With this
consideration, the value of S(0+ , Rc ) is obtained between 0.033 and 0.0279 in the region
from 30 Å to 32 Å.
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Figure 2.4: The variation of S(0+ ) with Rc from Eq. (2.8), averaged over two models.
The amplitudes of the oscillations have been observed to follow an exponential decay.
An estimate of S(0+ ) can be obtained from the average fit values (blue line) of the peak
amplitudes near 28–30 Å.

In this method, presence of magnified influence of numerical noise on integrant rG(r)
makes the computation limited only up to the certain trustable range of radial separation, Rc ,
and the result obtained is less arguable with the experimental result. To over come the finite
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size effect and get more approximate value of S(Q → 0), we used the sampling volume
method as discussed below.

2.4.4

Sampling volume method

For a fixed r value in the interval (0, 2R), the sample volume factor α(r; 2R) is a monotonically decreasing function of r. For finite sample windows, α(r; 2R) is a bounded form.
Presence of α(r; 2R) in Eq. (2.21) gives the better estimate of S(0+ ). Using Eq. (2.21),
it is considerably safe to compute S(0+ ) up to R → L/2. The average value obtained for
the ultra-large a-Si models, using equation (2.21) up to R → L/2, is S(0+ ) ≈ 0.00736 ±
0.001711.

+

Relative variance / S(0 , R)

0.08
+

S(0 ) from G(r)
Relative variance

0.06

0.04

0.02

0
10

20

30

40

50

60

70

80

90

R (Å)
Figure 2.5: The relative variance (blue) of the number of atoms, averaged over two models
of a-Si, in a spherical region of radius R, as R → L/2, along with the corresponding values
(red ) from Eq. (2.21).
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In disordered or partially ordered systems, the relative variance in the number of atoms
(N) provides a stable and uniformly convergent value of S(0+ ). From Eq. (2.20) by
restricting maximum value of R up to R = L/2 − 2rSi = 95 Å, where rSi is the radius of the
first co-ordinate shell, the value obtained for S(0+ ) = 0.00758 ± 0.00019.
Hyperuniform state of a material is characterized by its density fluctuation or relative
variance in the number of atoms at large-length scale. The experimental value of S(0)
obtained by extrapolating S(Q) measured at the low-wave vector limit, by Xie et al. (2013),
from highly accurate small-angle X-ray scattering data of annealed sample of nearly pure
a-Si is S(0) = 0.0075 ± 0.0005 [38]. The S(0+ ) value(s) obtained, using sampling volume
method, is(are) so found comparable with the experimental value. In amorphous silicon, the
density fluctuation computed at relatively large length scale is observed close to zero, which
indicates the nearly hyperuniform structure of the ultra-large models of a-Si.

2.5

Conclusion

The static structure factor, in the limit Q → 0, is reflective of the degree of homogeneity
or hyperuniformity of the system in the infinite-wavelength limit. It also provides information on the large scale density fluctuations in a system at thermodynamic limit. The
static structure factor of a-Si has been studied, using atomistic models from ultra-large-scale
molecular-dynamics simulations, to determine the value of S(Q) in the limit Q → 0. The
position and height of the first sharp diffraction peak in the structure factor and its neighboring region characterize the presence of short- and medium-range order in partially-ordered
systems. Together with the two- and three-body correlation functions, the value of S(0+ )
provides a new figure of merit to characterize the structural quality of atomistic models on a
very large length scale.
The ultra-large atomistic models studied in this work not only produce the correct
structure factor and bond-angle distribution, as observed by wide-angle X-ray diffraction,
but also the value of S(0+ ) ≈ 0.00736 - 0.00758, which is very close to the experimental
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value of 0.0075 ± 0.0005, obtained from highly accurate small-angle transmission X-ray
scattering measurements [38]. The values obtained in this work are considerably lower than
the earlier simulated value of 0.035 ± 0.001, reported by de Graff and Thorpe [37] using a
100,000-atom WWW model of a-Si.
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Chapter 3
EXTENDED-RANGE OSCILLATIONS AND THE FIRST SHARP
DIFFRACTION PEAK IN AMORPHOUS SILICON.

3.1

Introduction

The debate for the (dis)order on the medium-range length scale, up to 5-20 Å, in glasses
and liquids, still has no consensus [48, 49]. The experimental techniques such as X-ray and
neutron diffraction, can resolve the structure of amorphous materials through their structure
factor, S(Q), measured in the wavevector, Q, space. The theoretical methods based on
computer simulated models of amorphous materials also have fruitfully uncovered some
structure through direct analysis of the density fluctuation in real-space atomic distribution
[9, 10, 31].
The unique peak in the structure factor, observed around 1-2 Å−1 in wavevector region
[50, 51], with relatively small width that exist in structural correlations, is called first sharp
diffraction peak (FSDP) in chalcogenide [52–54] and borate [55] glasses and pre-peak in
amorphous metals. The first sharp diffraction peak correlates the localized wave-vector
space structure of a system into the delocalized real-space structure. In silica or prototypical
network glasses, including amorphous materials such as a-Si & a-Ge, FSDP can define their
medium range structural ordering [56].
Even though the dominant cause behind the origin of FSDP is still not clear, in glasses
it depends on temperature [57–59], pressure [60] and composition [61], wherein quasicrystalline materials medium-range structural order (MRO) is the believed predominant
factor behind its existence [49]. Some previous works on the FSDP in amorphous silicon
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[62, 63] have shown that in amorphous silicon the intensity of the FSDP is significantly
contributed by the oscillations beyond the SROs. Moss & Price (1985) introduced a relation
between position of the FSDP, Q0 , and the position of the first peak in RDF, R, in glasses
and amorphous metals based on their random packing structure [50], as listed below,
Q0 R ' 2.14-3.10 for glasses &
Q0 R ' 4.30-5.30 for amorphous metals
Likewise, based on the cation-centered soft clusters models of tetravalent monoatomic
materials such as amorphous silicon, Elliott (1991) proposed [64] a relation between the
atom or void diameter D and equivalent distances in real space d, as given below,

d=

3π
2D

(3.1)

The position of the FSDP is a parameter that can defines the MROs in disordered
materials. Chechetkina (1993), for the layered models of chalcogenide and oxide glasses,
introduced a relation between equivalent distances, d, in real space and FSDP position, (Q0 ),
in wavevector space, [65] as given in Eq. (3.2).

d=

2π
Q0

(3.2)

For chalcogenide glasses, with Q0 ' 1Å−1 , d ' 6 Å, and for oxide glasses with Q0 '
1.5 Å−1 , d ' 4 Å, which are the respective MROs of those materials.
Also, Uchino (2005), in a real-reciprocal space analysis performed by using the continuous wavelet transform in experimental S(Q) of Silica glasses, indicated that the first
two nearest-neighbor distributions, in the interatomic distance of ∼ 5 Å, are the dominant
ordered structures that directly linked with FSDP [66].
The first sharp diffraction peak is a fascinating profile in the diffraction from glasses and
amorphous materials. In void-based models of a-Si, the propagation of SRO is observed as
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the cause of extended-range order which can produces FSDP as a pseudo-Bragg’s peak [67].
The first sharp diffraction peak is remarkable for the evaluation of MROs in the ordered or
dis-ordered materials.
Development of a suitable atomistic model is essential to analyze the structure of
materials in terms of the two-body and three-body correlation functions. Understanding the
best estimate size of the computer generated models, that can reproduce the experimental
results, could be fruitful to explain the details of the structure in disordered materials. In
this chapter, we briefly discussed the comparison of the parameters (position, intensity, area,
and full width at half maxima) of the FSDP observed in S(Q) of the simulated models of
a-Si systems with that obtained from the highly sensitive transmission X-ray scattering
measurements [38] in nearly pure a-Si. We then analyzed the FSDP of a-Si models of
variable sizes -for number of atoms and respective cubical box size, to find the best estimate
size of the computer-generated models that can accurately reproduce the FSDP of the
experimental data.
In the next section, we discussed the extended range oscillation dependency of first sharp
diffraction peak. For this, we tested the accuracy on the parameters of the FSDP, computed
for a-Si models by considering extended-range oscillations in the PCF of the system with
10000 atoms, at various radial separations, rmax , extended up to 6-28Å.

3.2

Computational Method

3.2.1

Model preparation

Initially, the WWW models [10] of a-Si with 216-10000 atoms are generated from a random
configuration by Barkema and Mousseau, configured with required periodic boundary
conditions. The configurations are then repeatedly rearranged by introducing five-fold and
seven-fold rings with preserved tetrahedral bondings. The Keating potential is then used to
relaxed each configuration obtained after the bond rearrangements. For, energy minimized
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amorphous state, Maxwell-Boltzmann factor exp (−E/kT ) is used, which lifted the structure
out of a metastable state. The Keating potential includes only short-range orders, so for
long-range interactions, the final arrangements are relaxed by using a generalization of
Weber’s adiabatic bond-charge model.

3.2.2

Structure Factor

In a homogeneous and isotropic disordered system, the structure factor, S(Q), defined in
terms of the Fourier transform of the reduced pair-correlation function, G(r), is given by,

S(Q) = 1 + 4πρ0

Z ∞
1
0

Q

[g(r) − 1] sin(Qr) r dr

(3.3)

where ρ0 is the average number density and G(r) = 4πrρ0 [g(r) − 1].
To minimize the artifacts of the possible numeric noise in G(r) at large length scale
radial separation, practically, we concentrated up to the safe cut-off limit on the upper limit
of the integral, called rmax , in eq.(3.3). The S(Q), so reads,

S(Q) ≈ 1 +

Z rmax
1
0

Q

G(r) sin(Qr) dr

(3.4)

The first sharp diffraction peak on the S(Q) in an amorphous material is a unique peak
with valuable information about real-space density fluctuations. It can interpret the shortrange and medium-range atomic orders present in the real-space structure of an amorphous
material.

3.2.3

Characterization of the FSDP

The localized structure in Q-space, called diffraction peak, can produce different delocalized
atomic distributions in r-space, in terms of the interatomic correlation g(r). The first sharp
diffraction peak that observed in the limited region of Q-space, namely in between 1-2
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Figure 3.1: Characterization of the FSDP for its position, height, full width at half maxima,
and space under assumption to calculate the area occupied.

Å−1 -in glasses and liquids, contains information about the delocalized real-space atomic
structures. However, the fundamental reason behind the origin of FSDP is still not clear [68],
considerable influence is observed on the Position of the FSDP due to the extended-range
orders in r-space atomic distribution [66]. Also, the finite size of the models and the weak
oscillations in g(r), for r > 10 Å contribute to the intensity of the FSDP [62]. Likewise,
in large amorphous systems, the full width at half maximum (FWHM) of the FSDP found
depended on the atomic density fluctuations at large length scale [69].
To study the features of FSDP, we characterized it into four different parameters, called
position, K0 , Intensity or Height, S(K0 ), Area, and Full Width at Half Maxima, FWHM. In
isotropic amorphous materials each of these parameters, in one way to others, depends on
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the extended-range oscillations. By Fourier transformation of the FSDP, separated as an
individual peak from the other peaks on the structure factor, the real space density fluctuation
in an amorphous material can be determined up to extended-range length scale in real-space.
In this discussion, the position of the FSDP is the Q value where maximum intensity
or height of the structure factor is observed. The space falls under the FSDP, selected by
considering equal segments of ∆K0 on both sides of K0 , is regarded as the total area of the
FSDP, and the width at the half maxima of height is considered as the FWHM of the FSDP,
as given in Figure (3.1).

3.3

Results and Discussions

In this section, we discussed the variation observed on the parameters of the FSDP on the
S(Q) in a-Si models, computed by considering extended-range oscillations in PCF up to half
to the box size of the particular system used. The models we used are the as-implanted a-Si
models, simulated via WWW technique, as discussed in the model preparation section of
this chapter. We used eleven different systems where each system consists of ten different
models of 216-10000 silicon atoms within the cubical boxes of variable size but constant
number density ρ0 .
The first sharp diffraction peak of each model is investigated thoroughly for all four
parameters. The variation observed in the parameters of the FSDP allowed as to find the
best estimate of the model sizes that require to reproduce the experimental data as noted in a
recent experiment by R. Xie et al. (2013) [38].
3.3.1

Pair-correlation function and Structure factor

The pair correlation function of each model is computed by using relation G(r) = 4πrρ0 [g(r)−
1]. The corresponding PCF of the lowest-216 atoms system- and the highest-10000 atoms
system- are given in Figure (3.2). Both pair correlation functions are the statistical average
of the ten models of the same size.

32

Pair correlation function

6
PCF_10,000
PCF_216

5
4
3
2
1
0
0

2

4

6

8

10 12 14 16 18 20
r (Å)

Figure 3.2: The pair correlation function of a-Si systems with 216 atoms -the smallest size
(blue) and 10000 atoms -the largest size (red), averaged over ten models, up to the half of
the respective box size.
The distinguishable peaks observed in PCF at the lower radial distances, r < 5 Å,
indicate the short-range order of the a-Si systems. In 216 atom system, chemical atomic
order is found extended up to ≈ 8 Å, about half of the box size. But, in 10000 atom system,
radial correlations are noticeable up to 12 Å only, above which it is difficult to predict any
ordered structure.
The reduced pair correlation function is used to analyze the extended structure in a-Si
models. The radial correlations in RPCF, magnified by the factor of 4πρ0 than that of
PCF, are more predictable at extended-range length scales. At the considerably large length
scales, i.e., (r > 25 Å) existence of numerical noises in PCF ruined the real-space atomic
distributions and is observed hard to be separated from any quality structure observed. The
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Figure 3.3: The reduced pair-correlation function of a-Si systems with 216 atoms -the
smallest size (blue) and 10000 atoms -the largest size (red), averaged over ten models, up to
the half of the respective box sizes. The inset shows the possible numeric noises in large
length-scale structure.

comparison of the RPCF of the 216 and 10000 silicon atoms systems is given in Figure
(3.3).
The structure factor of each system of a-Si, with 216-10000 atoms, is computed by using
the real-space atomic correlation or reduced pair correlation function, G(r), by using Eq.
(3.4). Here, we considered the periodicity on g(r) up to half of the box length of each model.
So, the upper limit of integration chosen is rMAX ≈ L/2, with L ≈ 16-60 Å for the different
systems of 216-10000 atoms. The structure factor obtained for each system- averaged over
the ten models of the same size, is then compared for the distribution in wave-vector space,
as given in Figure (3.4).
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Figure 3.4: Three dimensional distribution of the structure factor, of the different a-Si
systems, in wave-vector space.
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Figure 3.5: The average structure factor of the a-Si systems of atomic size 216 (blue) and
10000 (red) averaged over ten models; the inset shows the comparison of the first sharp
diffraction peak of the respective systems with experimental data (green) from R. Xie et al.
(2013).
In a separate step, the comparison of the FSDP on the averaged S(Q) of the 216 and
10000 atom systems with experimental data, is given in Figure (3.5). A close observation of
those plots shows that the FSDP of the computer-generated models is within the proximity
of 1.9-2 Å−1 , well produced with the experimental data [38].
The first sharp diffraction peak of each model, separated as an individual peak, is fitted to
the Gaussian distribution. Even-though Gaussian does not entirely cover the total underneath
of the FSDP, it is found significantly better than any other fits, for all the systems used.
The same technique is implied to obtain the required parameters of the FSDP from the
experimental data. The experimental data calculated is later compared with the computed
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values. The results of all four parameters of the FSDP on S(Q) of the various systems of
a-Si, calculated after gaussian fit, are discussed below.

3.3.2

Position K0 of the FSDP
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Figure 3.6: The average position, K0 , of the FSDP with RMS-deviation, in a-Si systems
of various sizes vs half of the corresponding box size (blue). The experimental position
(red stars), abstracted from the experimental data by R. Xie et al. (2013), is given for the
comparison.

The position of the FSDP is sensitive with temperature and pressure. In glasses, increasing temperature or thermal expansion of the system shifted K0 towards the lower Q regions
and increasing pressure -which makes a system denser- leads increasing K0 [70].
The average position of the FSDP, K0 , obtained for the a-Si systems of variable size, are
found in the proximity of 1.95-2 Å−1 . In comparatively small atomic systems, the systems
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Model Size

Position (K0 )

No. of atoms

Box length (Å)

Avg. (K0 )

(±)σ

%error

216

16.40

1.968

0.017

2.09

300

18.30

1.981

0.010

1.44

512

21.88

1.964

0.017

2.29

1000

27.35

1.965

0.008

2.24

2000

34.46

1.969

0.005

2.04

3000

39.45

1.966

0.006

2.19

4096

43.76

1.969

0.005

2.04

5000

46.77

1.969

0.006

2.04

6000

49.70

1.970

0.003

1.99

9000

56.88

1.969

0.002

2.04

10000

58.92

1.969

0.003

2.04

Table 3.1: The average position, K0 , of the FSDP on the a-Si systems of variable sizes, with
RMS deviation and percentage error calculated by using experimental position as 2.01.
with 216–1000 atoms- high fluctuations are observed on K0 as compared to the higher
systems. In the systems of size higher than 1000 atoms, position appeared consistently
similar, having a low root mean square (RMS) deviation. In the systems with more than
4096 atoms, where the half of the box size (L/2) > 20Å and the periodicity on g(r) is
diminished by the artifact of the numeric noises exist in the long-range separations, position
of the FSDP observed is consistently similar to that of the systems with 2000-4096 silicon
atoms. The average position with RMS deviation and the percentage error on K0 of each
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system calculated by using the experimental position as (K0 =) 2.01 Å−1 , are listed in Table
(3.1). The higher RMS deviation in the systems of 216-512 atom suggests the finite size
effect in their real-space structure or g(r) of those systems.

Intensity S(K0 ) of the FSDP

3.3.3
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Figure 3.7: The average height, S(K0 ), of the FSDP with RMS-deviation, in a-Si systems
of various sizes vs half of the corresponding box size (blue). The experimental height
(red stars), abstracted from the experimental data by R. Xie et al. (2013), is given for the
comparison.

In chalcogenide glasses and silica intensity or height, S(K0 ), of the FSDP decreases with
increasing pressure [71–73]. The frustration enhanced due to decrease in temperature or
increase in number density can lower the intensity of the FSDP [74, 75]. The atomic density
fluctuation in amorphous silicon, which is weak but quasi-periodic and extended up to at
least 35 Å, produces a significant effect on S(K0 ) [62].
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Model Size

Height S(K0 )

No. of atoms

Box length (Å)

Avg. S(K0 )

(±)σ

%error

216

16.40

1.372

0.031

7.80

300

18.30

1.410

0.089

5.24

512

21.88

1.427

0.041

4.10

1000

27.35

1.483

0.060

0.34

2000

34.46

1.483

0.033

0.34

3000

39.45

1.451

0.030

2.49

4096

43.76

1.480

0.036

0.54

5000

46.77

1.444

0.028

2.96

6000

49.70

1.474

0.027

0.94

9000

56.88

1.440

0.012

3.27

10000

58.92

1.427

0.013

4.10

Table 3.2: The average height, S(K0 ), of the FSDP on the a-Si systems of variable sizes,
with RMS deviation and percentage error calculated by using experimental height as 1.488.
The comparison of the height or intensity of the FSDP, S(K0 ), on the S(Q) of the a-Si
systems with the experimental data is presented in Figure (3.7). In the systems of 2000-4096
atoms, S(K0 ) is consistent with the height from the experimental data. In these systems,
RMS deviation associated with S(K0 ) is lower than that of the remaining systems. The
average height, RMS deviation, and the percentage error calculated on S(K0 ) using the
experimental height as (S(K0 ) =) 1.488, are listed in Table (3.2). The error calculated up to
the systems with 512 silicon atom is consistently higher than 4%, but the error is around
1% in 1000-6000 atom systems On the higher systems with 9000 and 10000 atoms the
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percentage error obtained is more than 3%. Even though RMS deviation on S(K0 ) of the
systems larger than 6000 atoms are lower than the other systems, those systems suffered the
artifact of the numeric noises on g(r) at the long-range length scales.
3.3.4

Full Width at Half Maxima on the FSDP

1
Comp. FWHM
Exp.Value
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Figure 3.8: The average FWHM of the FSDP with RMS-deviation, in a-Si systems of various
sizes vs half of the corresponding box size (blue). The experimental FWHM (red stars),
abstracted from the experimental data by R. Xie et al. (2013), is given for the comparison.
The width of the FSDP is a size-dependent parameter, which depends on the fluctuations
extending up to large range structures of the ultra-large models. In general, the density
fluctuation up to correlation length of order 15–25 Å is the factor that affects the width of
the FSDP [62].
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Model Size

Width (FWHM)

No. of atoms

Box length (Å)

Avg. width

(±)σ

%error

216

16.40

0.668

0.019

28.46

300

18.30

0.636

0.054

22.31

512

21.88

0.593

0.024

14.04

1000

27.35

0.551

0.028

5.96

2000

34.46

0.537

0.021

3.27

3000

39.45

0.554

0.025

6.74

4096

43.76

0.537

0.022

3.27

5000

46.77

0.559

0.020

7.50

6000

49.70

0.537

0.020

3.27

9000

56.88

0.558

0.012

7.31

10000

58.92

0.558

0.011

7.31

Table 3.3: The average FWHM, RMS deviation, and the percentage error in the FWHM of
the FSDP computed on the a-Si systems of different systems size. The percentage error was
calculated by taking experimental width as 0.52 Å.

Figure (3.8) shows the comparison of the computed value of FWHM of the FSDP of the
a-Si systems with the experimental FWHM. The full width at half maxima of the FSDP on
the a-Si systems of variable sizes obtained is in the proximity of 0.5-0.7 Å. The percentage
error on the calculated value of the FWHM on the systems with 216-512 atoms and 9000 &
10000 atoms, calculated by using the experimental value of FWHM as (width =) 0.52 Å, is
found more than 10%. In the systems with 2000-6000 atoms, percentage error calculated
on the FWHM is found less than 10% but still is very high. Table (3.3) shows the average
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FWHM, RMS deviation, and percentage error on the width of the FSDP of the a-Si systems.
Irrespective to the error obtained the gradually decreasing RMS deviation on larger systems,
with more than 4096 atoms and box size L ≥ 40 Å, indicates the extended range dependency
of FWHM of the FSDP. The higher percentage error in FWHM of the two largest systems
of amorphous silicon is due to loss of the chemical ordering in large-range atomic structure,
of about r > 25 Å, in those models.
3.3.5
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Figure 3.9: The average area under the FSDP with RMS-deviation, in a-Si systems of
various sizes vs half of the corresponding box size (blue). The experimental area (red stars),
abstracted from the experimental data by R. Xie et al. (2013), is given for the comparison.
Figure (3.9) shows the average area under the FSDP with RMS deviation, calculated for
the each systems of a-Si understudy. The area under the specific region of FSDP is calculated
by using the steps as discussed in the previous section. In 216-1000 atom systems percentage
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Model Size

Area

No. of atoms

Box length (Å)

Avg. Area

(±)σ

%error

216

16.40

0.690

0.01

1.62

300

18.30

0.696

0.025

2.50

512

21.88

0.686

0.012

1.03

1000

27.35

0.692

0.012

1.92

2000

34.46

0.686

0.005

1.03

3000

39.45

0.680

0.005

0.15

4096

43.76

0.684

0.007

0.74

5000

46.77

0.680

0.004

0.15

6000

49.70

0.682

0.003

0.44

9000

56.88

0.678

0.002

0.15

10000

58.92

0.672

0.002

1.03

Table 3.4: The average area, RMS deviation, and percentage error on the area under the
FSDP of the a-Si systems of variable sizes, calculated by using experimental area as 0.679.

error, calculated by using the experimental value as (area=) 0.679, is about 2% which is
higher than that of the systems of 2000-10000 atoms, where percentage error is consistently
less than 1%. The average area of the FSDP, RMS deviation, and percentage error calculated
for the area of each a-Si system observed as listed in the Table (3.4). Irrespective to the error
obtained, the average area under the FSDP of the large systems, i.e., systems with 4096 or
more atoms, is obtained with gradually decreasing RMS deviation.
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Computing structure factor from a computer generated model is a painstaking process.
In this discussion, Eq. (3.4) was used to compute S(Q) of the a-Si models of variable sizes.
For a practical approach, in each simulated models of length L, g(r) is obtained up to r ≤
L/2. At low Q regions, inaccuracies in g(r) produced a significant error in S(Q).
Another inevitable problem that significantly affected the computed value of S(Q),
computed by using Eq. (3.4), is the finite size effect [76]. The a-Si systems under observation
had a fixed number of atoms within a finite box size, resulting in a uniform number density.
In systems with 216-1000 atoms, systematic error due to the finite size of the model is
the primary reason behind the fluctuations observed in the parameters of the FSDP. In
extended-range length scale, basically above r ≥ 25 Å, random error or numeric noise due
to the statistical average over limited numbers of particles produced associated errors in g(r),
as a certain finite size effect. Comparison of the parameters of the FSDP with experimental
data is found in agreement with the possible finite size effects.

3.4

A Model Based Analysis of the FSDP

In a separate attempt, we used an amorphous silicon system of 10000 atoms to analyze how
the extended range oscillations or real-space density fluctuations relate to the parameters of
the FSDP of the S(Q) computed at extended-range length scales rmax , between 6-28Å. In
this section, we discussed the changes observed in the four parameters of the FSDP of that
particular system in details.
3.4.1

Position of the FSDP

The position of the FSDP of the S(Q) computed by taking cut-off at different radial separations including extended length-scales up to ≈ 30 Å, is presented in Figure (3.10). At
relatively short-length scale, rmax < 14 Å, K0 is observed having certain fluctuations and
high percentage error, as compared to the experimental position as K0 = 2.01 Å. Above rmax
> 14 Å, K0 is observed with constantly low RMS deviation and low percentage error. The

45

2.12
2.08

Comp. K0
Exp.value

K0

2.04
2
1.96
1.92
1.88
4

6

8 10 12 14 16 18 20 22 24 26 28 30

r max (Å)
Figure 3.10: The position of the FSDP, K0 , with RMS-deviation, in the computed S(Q) of
a-Si systems of 10000 atoms, extended up to length scale R (blue) and the position of the
FSDP from experimental data (red stars) by R. Xie et al. (2013), given for the comparison.

average K0 , RMS deviation, and percentage error on the position of the FSDP are listed in
Table (3.5).

3.4.2

Height of the FSDP

The comparison of the FSDP intensity in the a-Si models of 10000 atoms, where the S(Q) is
computed at variable radial cut-off rmax , is given in figure (3.11). At the length scales of
rmax > 12 Å, S(K0 ) is obtained having low RMS deviation but very high percentage error
(> 5 %), compared with the experimental height as 1.488. For rmax ≥ 16 Å, S(K0 ) had
comparatively high RMS deviation but low percentage error (< 5%). The average height,
RMS deviation, and percentage error in computed S(K0 ) are listed in Table (3.5).
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Position

Height

rmax (Å)

Avg. K0

(±)σ

%error

Avg. S(K0 )

(±)σ

%error

6

2.064

0.003

2.69

1.168

0.005

21.50

8

1.957

0.002

2.64

1.310

0.005

11.96

10

1.972

0.002

1.89

1.349

0.008

9.34

12

1.970

0.002

1.99

1.405

0.010

5.58

14

1.969

0.003

2.04

1.417

0.011

4.77

16

1.969

0.003

2.04

1.426

0.012

4.17

18

1.969

0.003

2.04

1.427

0.012

4.10

20

1.969

0.003

2.04

1.428

0.012

4.03

22

1.969

0.003

2.04

1.428

0.013

4.03

24

1.969

0.003

2.04

1.428

0.013

4.03

26

1.969

0.003

2.04

1.427

0.012

4.10

28

1.969

0.003

2.04

1.427

0.013

4.10

Table 3.5: The average position and height of the FSDP on the a-Si systems of 10000
atoms at variable radial length scales R, with respective RMS deviation and percentage error
calculated by using experimental position (= 2.01) and height (=1.488).

3.4.3

Width of the FSDP

The width of the FSDP of the S(Q) computed up to different cut-off at radial separation, is
given in Figure (3.12). In relatively short-length scales, rmax > 12 Å, width of the FSDP is
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Figure 3.11: The height of the FSDP, S(K0 ), with RMS-deviation, in the S(Q) of the a-Si
systems of 10000 atoms, extended up to extended-range length scale R (blue) and the
position of the FSDP from experimental data (red).

very high as compared to the experimental data. The RMS deviation in calculated width
above the radial length of 14 Å is observed a constant deviation, and the percentage error on
computed width is about 7%. The average width, RMS deviation, and percentage error in
width calculated by using experimental width as 0.52 Å are listed in Table (3.6).

3.4.4

Area under the FSDP

The area under the FSDP of the S(Q) computed by including extended-length scale structure
of a-Si system with 10000 atoms, is presented in Figure (3.13). Except at rmax ≈ 6 Å,
where the percentage error calculated is very high, about 7%, area under the FSDP in other
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Figure 3.12: The width of the FSDP, FWHM, with RMS-deviation, in the S(Q) of a-Si
system with 10000 atoms, extended up to extended-range length scale R (blue) and the
position of the FSDP from experimental data (red), given for the comparison.

extended-range scales are found with very low percentage error (∼ 1%). Surprisingly, the
RMS deviation on the area calculated at different cut-off regions is the same. Above the
radial separation of 16 Å, the area under the FSDP remains the same with a percentage error
of about 1%. The average area, RMS deviation, and percentage error in the area, calculated
by using the experimental area of 0.579, are observed as listed in Table (3.6).
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Area

Width

rmax (Å)

Avg. width

±σ

%error

Avg. area

±σ

%error

6

0.930

0.006

78.85

0.630

0.002

7.22

8

0.713

0.003

37.12

0.671

0.002

1.18

10

0.661

0.006

27.12

0.677

0.002

0.295

12

0.587

0.006

12.89

0.676

0.002

0.442

14

0.574

0.008

10.39

0.675

0.002

0.589

16

0.561

0.009

7.89

0.673

0.002

0.88

18

0.560

0.009

7.69

0.673

0.002

0.88

20

0.557

0.010

7.12

0.672

0.002

1.03

22

0.558

0.010

7.31

0.672

0.002

1.03

24

0.557

0.010

7.12

0.672

0.002

1.03

26

0.559

0.010

7.50

0.672

0.002

1.03

28

0.558

0.011

7.31

0.672

0.002

1.03

Table 3.6: The average width and area of the FSDP on the a-Si systems of 10000 atoms at
variable radial length scale R, with respective RMS deviation and percentage error calculated
by using experimental width (= 0.52) and area (=0.579).

3.5

Conclusions

A systematic study of the parameters of FSDP, computed considering extended range
oscillations on g(r) up to half of the box size of the various a-Si systems, is thoroughly
discussed. On the 2000-4096 silicon atom systems, position, height, area, and width of the
FSDP observed are consistent with that parameter of the experimentally measured structure
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Figure 3.13: The area under the FSDP with RMS-deviation, in the computed S(Q) of a-Si
systems of 10000 atoms, extended up to extended-range length scale R (blue) and the
position of the FSDP from experimental data (red), given for comparison.

factor. The FSDP of the systems with less than 2000 atoms has relatively high fluctuations
in all four parameters of the FSDP. In the systems with 6000-10000 atoms, error calculated
on each parameter are observed gradually increasing with the increasing box size.
The high fluctuations- calculated in terms of RMS deviation or the percentage erroron the parameters of the FSDP, suggest the inaccuracy on the FSDP of the computer
generated systems in comparison to the experimental result. These atomic systems are
significantly affected by finite size effect due to the periodic boundary conditions applied,
which ultimately changed the S(Q) computed at the low-wavevector region. Also, in
relatively more extensive systems, the deviation on the average value of the parameters of
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FSDP is observed as the artifact of the numeric noise on the reduced pair correlation function
at the extended-length scale. Likewise, the fluctuations and error obtained on the average
value of the parameters of the FSDP in a-Si systems of various atomic sizes, indicate the
systems with 2000-4096 atoms- consisting extended range oscillations up to 17-22 Å- are
the best estimate size of a-Si which reproduced the experimental FSDP of the nearly pure
amorphous silicon.
On the other hand, in a model-based analysis of the 10000 silicon atom system, where
the S(Q) is computed by taking the radial extension up to 6-28 Å, the FSDP parameters
obtained for radial cut-off up to 16 Å had either high RMS deviation or high percentage error.
Above the radial cut-off of 16 Å, the parameters are found consistent with the experimental
data. The comparison of the computed parameters of the FSDP at the various radial cut-off
rmax with the experimental FSDP, indicates the minimum extension required in a computer
simulated model to reproduce experimental results is at least of 16Å. This comparison also
validates the best estimate of system size of amorphous silicon as 2000-4096 atom systems,
with half of the box size of 17-22 Å.
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Appendix A
Code for computation of pair-correlation function

cccccccccccccccccccccccccccccccccccccccc
c Code for Pair-correlation function
cccccccccccccccccccccccccccccccccccccccc
implicit none
integer nmax1, maxbin
parameter (nmax1= 400000, maxbin=8850)
real

xx(nmax1), yy(nmax1), zz(nmax1), gr(maxbin)

real

x12,y12,z12,lx

real rr, del_r, const, pi, rho, rl, ru, rm
real hist_i
integer ii, jj, nat, bin, hist(maxbin), mbin
character(2)

c(nmax1)

read(*,*)

nat

read(*,*)

lx

do ii = 1,
read(*,*)

nat
c(ii),

xx(ii), yy(ii), zz(ii)

end do
mbin = int(((lx/2.0))/0.05)
del_r = 0.05
pi = 3.142857
rho = float(nat)/(lx*lx*lx)
const = (4.0*pi*rho)/3.0
do

200

ii = 1, nat-1

do 1100 jj = ii+1, nat
x12 = xx(jj) - xx(ii)
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y12 = yy(jj) - yy(ii)
z12 = zz(jj) - zz(ii)
x12 = x12 - lx* anint(x12/lx)
y12 = y12 - lx* anint(y12/lx)
z12 = z12 - lx* anint(z12/lx)
rr = sqrt (x12*x12 + y12*y12 + z12*z12)
bin = int(rr/del_r) + 1
if (bin.le.mbin) then
hist(bin)=hist(bin) + 2
endif
1100
200
c

continue
continue
Normalisation
write(*,*) lx
write(*,*) int(mbin)
do bin = 1, mbin
rl = float(bin-1)*del_r
ru = rl + del_r
hist_i = const*(ru**3-rl**3)
gr(bin) = float(hist(bin))/(float(nat)*hist_i)
rm = rl + del_r*0.5
write (*,10) rm, 4*pi*rho*rm*(gr(bin)-1)

10

format (f8.3,4x,f15.5)
end do
stop
end
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Appendix B
Code for computation of structure factor

cccccccccccccccccccccccccccccccccccccccccccc
c
Structure factor from Cleanshaw-Curtis
c

quadrature using Chebyshev nodes with linear

c

interpolation at C nods

c
c

Date: March 28, 2018
Status: working (some oscillations present)

c

Author: Parthapratim Biswas

cccccccccccccccccccccccccccccccccccccccccccc
implicit none
integer, parameter :: dp = selected_real_kind(16)
integer, parameter :: max=50000, cmax=5000
integer, parameter :: qmax=5000
integer :: mp, np
integer :: ii, qbin, ng, kk, ng2
real,parameter:: k0=1.991, delk=0.30
real(dp), parameter :: pi = 3.141592653
real(dp) :: ff(0:max), rr(0:max)
real(dp) :: xg(0:cmax), wg(0:cmax)
real(dp) :: fg(0:cmax), xc(0:cmax)
real(dp) :: xx, yy, xmax, t1
real(dp) :: qmin, dq, sq
real(dp) :: sk, qq, l
real(dp) :: qrange(qmax)
ccccccccccccccccccccccccccccccccccccccccccc
c
c

S(k) = 1 + 1/k * I(k)
where I(k) = int_0^r_max [G(r) * sin(k*x)]*dx

ccccccccccccccccccccccccccccccccccccccccccc
c

Wave-vector range
qmin = 0.5
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qbin = 500
c

dq = 0.03
Chebyshev nodes
ng = 2000

c

Range parameter
read(*,*) l
xmax = l/2.0

! This is your L/2 or less

ccccccccccccccccccccccccccccccccccccccccccc
c

List Cheby nodes (zeroes of Chebyshev)
ng2 = ng/2
do ii = 0, ng
t1 = (float(ng-ii)/float(ng))*pi
xg(ii) = cos(t1)
end do

c

Q-range
do kk = 1, qbin+1
qrange(kk) = qmin + (kk-1) * dq
end do

cccccccccccccccccccccccccccccccccccccccccccc
c

Read G(r) = 4*pi*rho*r*[g(r)-1] and

c

choose np points up to Rmax = xmax
read(*, *) mp
do ii = 1, mp
read(*, *) rr(ii), ff(ii)
end do
rr(0) = 0.0
ff(0) = 0.0
np = 0
do ii = 0, mp
if (rr(ii) <= xmax) then
np = np + 1
end if
end do
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cccc

write(*, *)’# of Chebyshev nodes and abscissa =’, ng, np

cccccccccccccccccccccccccccccccccccccccccccc
c
Obtain (linearly) interpolated values of Gr
c

at Cheby nodes
do ii = 0, ng
xx = (xg(ii) + 1) * xmax * 0.5
xc(ii) = xx
call int(rr, ff, np, xx, yy)

c

fg(ii) = yy
write(100, 111) xc(ii), yy
end do

111

format(f12.8, 4x, f12.8)

cccccccccccccccccccccccccccccccccccccccccccc
c

Generate weights Cleanshaw-curtis weights

c

see Ref. curtis.pdf in this directory
call csw(ng, wg)

cccccccccccccccccccccccccccccccccccccccccccc
c

Calculate S(k) for each k point
do kk = 1, qbin+1
qq = qrange(kk)
sq = 0.0
do ii = 0, ng
sq = sq + wg(ii)*fg(ii)*sin(qq*xc(ii))
end do
sq = sq * xmax * 0.5
sk = 1.0 + (sq/qq)
write(*,111) qq, sq
end do
stop
end

cccccccccccccccccccccccccccccccccccccccccccc
subroutine asf(qbin, qrange, fa)
implicit none
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integer, parameter :: dp = selected_real_kind(16)
integer, parameter :: qmax = 5000
integer :: qbin, kk, ll
real(dp) :: pi = 3.1415927
real(dp) :: qrange(qmax), fa(qmax)
real(dp) :: aSi(4), bSi(4)
real(dp) :: cSi, Bfac, uu
real(dp) :: qq, t1, t2, fsum
ccccccccccccccccccccccccccccccccc
c
Atomic structure factor
c

using Cromer-Mann coefficients for Si
aSi(1) = 6.292
aSi(2) = 3.035
aSi(3) = 1.989
aSi(4) = 1.541
bSi(1) = 2.439
bSi(2) = 32.334
bSi(3) = 0.678
bSi(4) = 81.694
cSi = 1.141
Bfac = 1.0

uu = 0.11
ccccccccccccccccccccccccccccccccc
fa = 0.0
do kk = 1, qbin + 1
qq = qrange(kk)
t1 = qq/(4.0* pi)
t2 = t1*t1
fsum = 0.0
do ll = 1, 4
fsum=fsum + aSi(ll)*exp(-bSi(ll)*t2)
end do
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fa(kk) = fsum + cSi
fa(kk) = fa(kk)*(1.0 + exp(-Bfac * t2))
end do
return
end
subroutine szfilter(mbin, gx, fx, xmax, itmax)
implicit none
integer, parameter :: max = 50000
integer :: mbin, ii, jj, nl, nr, itmax, it
integer, parameter :: dp1 = selected_real_kind(8)
real(dp1) :: fx(max), gx(max), fx2(max)
real(dp1) :: cg(-128:128)
c

real(dp1) :: x1, xmax, sum
Filter parameters
nl = 5
nr = 5
cg(0) =

0.333

cg(-1) = 0.280
cg(-2) = 0.140
cg(-3) = -0.023
cg(-4) = -0.105
cg(-5) = 0.042
cg(1) = cg(-1)
cg(2) = cg(-2)
cg(3) = cg(-3)
cg(4) = cg(-4)
cg(5) = cg(-5)
DO it = 1, itmax
do ii = 0, mbin
x1 = gx(ii)
if (x1 > xmax) then
sum = 0.0
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do jj = -nl, nr
sum = sum + fx(ii + jj) * cg(jj)
end do
fx2(ii) = sum
else
fx2(ii) = fx(ii)
end if
end do
c

copy back to fx
do ii = 0, mbin
fx(ii) = fx2(ii)
end do
END DO
return
end
subroutine int(rr, ff, np, xx, yy)
implicit none
integer, parameter :: dp = selected_real_kind(16)
integer, parameter :: max = 50000
real(dp) :: rr(0:max), ff(0:max)
real(dp) :: xx, yy, x1, x2, y1, y2
integer :: ii, np, ic
ic = 0
do ii = 0, np-1
x1 = rr(ii)
x2 = rr(ii+1)
y1 = ff(ii)
y2 = ff(ii+1)
if (xx > x1 .and. xx < x2) then
yy = y1+(xx-x1)*(y2-y1)/(x2-x1)
ic = 1
exit
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end if
if (xx == rr(ii)) then
yy = ff(ii)
ic = 1
exit
end if
end do
if (xx == rr(np)) then
yy = ff(np)
ic = 1
end if
if ( ic == 0) then
write(*, *)’ Interpolation failed’
write(*, *) xx, rr(0), rr(np)
stop
end if
return
end
subroutine csw(ng, wg)
implicit none
integer, parameter :: dp = selected_real_kind(16)
integer, parameter :: cmax = 5000
integer :: ng, ii, jj, ng2
real(dp), parameter :: pi = 3.141592653
real(dp) :: wg(0:cmax)
real(dp) :: fsum,x1, t1, t2, t3
ccccccccccccccccccccccccccccccc
wg(0) = 1.0/float(ng*ng-1)
wg(ng) = wg(0)
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ng2 = ng/2
do ii = 1, ng2
fsum = 0.0
do jj = 0, ng2
if (jj == 0 .or. jj == ng2) then
t1 = 1.0/(1.0-float(4*jj*jj))
x1 = float(ii*jj) * pi /float(ng2)
t2 = cos(x1)
t3 = t1 * t2 /float(ng2)
else
t1 = 1.0/(1.0-float(4*jj*jj))
x1 = float(ii*jj) * pi /float(ng2)
t2 = cos(x1)
t3 = 2 * t1 * t2 /float(ng2)
end if
fsum = fsum + t3
end do
wg(ii) = fsum
wg(ng-ii)= fsum
end do
return
end
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